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Electroweak interactions; combining gauge symmetries

12 A. Show that a Lagrangian term i �µDµ for a multiplet  of spin-half fields, with a covariant
derivative of the form

D
µ =

�
@
µ + igTjA

µ
j + ig

0
Y B

µ
�
 ,

where the Tj are generators of SU(2), is invariant under both SU(2) and U(1) gauge transfor-
mations.

[You may assume the results for the transformation properties of the individual SU(2) and U(1)
covariant derivatives obtained in the lectures.]

Z boson interactions

13 B. For each pair of quark or lepton fields, the electroweak Standard Model Lagrangian contains
the covariant derivative contributions

L = i L�
µ
Dµ L + i 1R�

µ
Dµ 1R + i 2R�

µ
Dµ 2R ,

where  L = ( 1L, 2L)T is a an SU(2) doublet of left-handed fields, and the Dµ are appropriate
SU(2)⇥U(1) covariant derivatives.

Show that the interaction between a Z
0 boson and a fermion f is governed by a Lagrangian

term of the form
LZ = �J

µ
ZZ

µ

where
J
µ
Z =

e

sin(2✓W )
 f�

µ(gV � gA�
5) f ,

the vector and axial-vector coupling constants gV and gA are given by

gV = (IW
3
)L � 2Q sin2

✓W , gA = (IW
3
)L ,

(IW
3
)L is the weak isospin of the left-handed state of the fermion, and Q is the fermion electric

charge in units of e.
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Spontaneous symmetry breaking

14. An SU(2) gauge theory has Lagrangian density

L = �
1

4
F

µ⌫
j Fjµ⌫ + (Dµ�)†(Dµ�)� µ

2(�†�)� �(�†�)2 ,

where � is a triplet of real scalar fields,

� =

0

@
�1

�2

�3

1

A ,

and the covariant derivative D
µ� depends on the gauge fields Aµ

j and group generators Tj as
D

µ� = (@µ + igA
µ
j Tj)� .

(a A) Show that the 3 ⇥ 3 matrices T1,2,3 defined by (Tj)kl = �i✏jkl can serve as a suitable
representation of the generators Tj .

(b A) For the case µ
2
> 0, identify the physical particles in the theory and determine their

masses and interactions.

(c B) Consider the case µ
2
< 0, taking the vacuum expectation value of the triplet field � to

be

�0 =
1
p
2

0

@
0
v

0

1

A ,

with v > 0 a real constant. Identify the physical particles in the theory and determine their
masses and interactions. Comment on the number of degrees of freedom in the theory before
and after spontaneous symmetry breaking.

(d B) Evaluate Tj�0 for j = 1, 2, 3, and hence identify an unbroken gauge symmetry of the
vacuum state that explains why one gauge boson remains massless. What happens for other
possible choices of �0 ?

Renormalisability

15. (a B) Consider the Lagrangian

L5 =
g

M

�
 T

L⌧2�
�
C

† ��T
⌧2 L

�
+ h.c. ,

where g is a dimensionless constant, M is a constant mass parameter,  L is an SU(2) doublet
of left-handed lepton fields and � is the usual doublet of scalar fields. Show that L5 is invariant
under the SU(2) and U(1) gauge transformations of the Standard Model.

(b B) Show that, after spontaneous symmetry breaking, L5 generates a Majorana mass term
for the neutrino, and identify the form of the resulting interactions between the neutrino and
the Higgs boson.
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(c A) Explain why adding the contribution L5 to the Standard Model Lagrangian would lead
to a non-renormalisable theory.

(d C) Show that the Lagrangian

L6 =
g

M2
✏jkl

�
d
T
jRC

†
ukR

� �
u
T
lRCeR

�
+ h.c. ,

where fermion fields are represented by their particle names (djR ⌘ ( dj)R etc. ), and where
j, k, l are colour indices (summed over j, k, l = 1, 2, 3), is invariant under the SU(3), SU(2)
and U(1) gauge transformations of the Standard Model. Show that this interaction does not
conserve baryon or lepton number and explain how the Lagrangian L6 permits proton decay,
and obtain an estimate of the resulting proton lifetime for a plausible choice of mass scale M .

[Hint: the determinant of a 3⇥ 3 matrix U can be written ✏pqr detU = ✏jklUjpUkqUlr.]

Higgs boson decays

16. (a B) Show that the sum over polarization states P of a massive spin-one boson with mass M
and four-momentum p

µ can be written as
X

P

"
µ
P "

⇤⌫
P = �g

µ⌫ +
p
µ
p
⌫

M2
.

[Hint: look at it in the boson rest frame.]

Show that the Feynman rules give the matrix element as

�iMf i =
1

2
ivg

2
g
µ⌫
"
⇤
µ(p)"

⇤
⌫(p

0) .

Use this result to calculate the rate for the decay of the Higgs boson into W
+
W

� :

�(H ! WW ) =
GFm

3

H

8⇡
p
2

✓
1� 4

m
2

W

m
2

H

+ 12
m

4

W

m
4

H

◆s

1� 4
m

2

W

m
2

H

.

(b B) Show that, for the decay of the Higgs boson into a fermion-antifermion pair, the Feyman
rules give the leading order matrix element

�iMf i =
�imf

v
u(p1)v(p2) .

Calculate the rate for the decay of the Higgs boson into a fermion-antifermion pair :

�(H ! ff̄) =
CGFm

2

fmH

4⇡
p
2

✓
1� 4

m
2

f

m
2

H

◆ 3
2

,

where C is a colour factor (C = 1 for leptons, 3 for quarks).

W+W�
! W+W� scattering

17 A. Draw the seven Feynman diagrams which contribute to W+W�
! W+W� scattering at leading

order.
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