Prof. Alex Mitov, 2026

H4: Electron-Positron Annihilation

99 /616



H4

QED Calculations |

To calculate a cross section using QED (e.g. ete™ — putu™):
@ Draw all possible Feynman Diagrams
o For efe™ — uT ™ there is just one lowest order diagram

et pr
Y g
e- n
M x e x Qlem

o There are many second order diagrams ...

I i

M x e* (xa

@ For each diagram calculate the matrix element using Feynman rules derived in the
previous handout.
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H4

QED Calculations 1l

@ Sum the individual matrix elements (i.e. sum the amplitudes)
Mg =M, + M+ M3+ ...

Note: in this sum of amplitudes (every term of which has the same initial and the
same final state) interference can be both constructive or destructivel On account of
this interference one can no more ask ‘Which virtual particle was involved?’ than one
can ask ‘Through which of Young's slits did the photon pass?’

@ Find the square of the modulus:
‘Mﬁ‘Q:(M1+M2+M3+....)(MT+M2*+M;+....)
—  this gives the full perturbation expansion in aem.

o For QED aem ~ 1/137 the lowest order diagram dominates and for most purposes it is
sufficient to neglect higher order diagrams.

e* y pt e* Y pt
>VM< >~©w<
e~ B e~ n
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H4

QED Calculations Il

@ Calculate decay rate/cross section using formulae from Handout 1. E.g.:

p* 2
M= 7/|Mf| .
3272 m2 '

o For scattering in the centre-of-mass frame

o For a decay

do 1 |BE| 00
dQ* ~ 64n%s |pr| M

o For scattering in lab. frame (neglecting mass of scattered particle)

do _ 1 (—E3 )2|M-|2
dQ ~ 6472 \ ME, il
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H4

Electron Positron Annihilation: ete™ — u™pu~

p3 A Work in C.o.M. frame so:
P1 9/\‘ p1 = (E,0,0,p) p2=(E,0,0,—p)

— o + X .
e X e ps=(E.pr)  ps=(E,~p) and

/ p2
P4 s=(p1 +p2)’ = (2E).
Feynman rules for lowest order Feynman diagram give:

et P pto —iM= [v(pz)/ewu(pl)]%[n(m)fewv(pm

= [7(p2) iey" u (pr)] =2 [ (p3) iey" v (pa)]
= g (7o) u () [ ()7 ().

M = —e?gw [ (p2) 7" u (Pu)] [@ (P3) 7" v (pa)] - (54)

On the next page we try to write this M more succinctly!

— =T = — Ty
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H4

Writing the Annihilation Matrix Element as a Lorentz product of Electron

and Muon Currents

In Handout 2 we introduced a four-vector currents like:
=,
These have a similar form to the two terms in [ ] in the matrix element M of (54):

M=~ g 17 (p2) 7" u ()] [ ()" v (p0)] (54)

Therefore we DEFINE the electron and muon currents as follows:

(o) =7 (p2)Y u(pr) and  (ju)” = d(p3s)v v (ps)-

In terms of these electron and muon currents we have the more succint:

e NN e, .
M = *?gtw (e)" (i) or M = *?Je | (55)

Matrix element is a four-vector scalar product — confirming it is Lorentz Invariant.
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H4

Spin in eTe~ Annihilation

@ In general the electron and positron will not be polarized, i.e. there will be equal
numbers of positive and negative helicity states

@ There are four possible combinations of spins in the initial state:

e, P et T et e, P et ", " et

RL RR LL LR
@ Similarly there are four possible helicity combinations in the final state

@ In total there are 16 combinations e.g. RL —+ RR,RL — RL, ...

@ To account for these states we need to sum over all 16 possible helicity combinations
and then average over the number of initial helicity states:

1 1
<|M|2> 3 Z IM:|* = y (‘MLLHLLF + Mg + - )

spins

i.e. need to evaluate: )
e

M=_%i.;
S Je " Ju
for all 16 helicity combinations !

o Fortunately, in the limit E > m,, only 4 helicity combinations give non-zero matrix
elements - we will see that this is an important feature of QED/QCD.
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H4

@ In the C.o.M. frame in the limit E > m yu—
e P 8 et
P2

p1 = (E,0,0,E); p» = (E,0,0,—E)

= (E, Esin0,0, E cos0);
p3 = ( sin 6,0, E cos ) +A4

ps = (E,—Esin6,0, —E cos ) l_,l,

o Left- and right-handed helicity spinors (Handout 2) for particles/anti-particles are:

Al

=

,.i s Exm® E+mC€
e'?s e'’c _ Il gis e Pl git g
ur =N 5 u =N 5 vi =N E+m vi=N/| E+m
g LS E bl ¢ T 1
i " Iy o
P i} _ 1P ip id id
Efm€ S Erm€ C e'’c elts
wheres:sing; c:cosgand N=vE+m
@ In the limit E > m these become:
c —s s c
id id id id
se ce —ce se
up =VE uy =VE Az =VE vy | =VE
- c s - —s . c
E>m 5 E>m ) Esm : E>m "
se'® —ce'® ce'® se'

o The initial-state electron can either be in a left- or right-handed helicity state

0
u(p)=vE|: | w(pm)=vE (1) ;

-1

o= O -




o For the initial state positron (6 = 7) can have either:

1

vi (p2) = VE _01 ivy (p2) = VE
0

= =)

o Similarly for the final state 1~ which has polar angle 6 and choosing ¢ = 0

c —s ‘1’70/'}1_
uy (p3) = VE|®|:u (p3) = VE ¢ ~)
+\p3) = c L(p3) = s H+ _
s —c p=1
o And for the final state u*replacing 6 -7 —60; ¢ — 7 obtain
¢ s sm( 29):5052
vi(p)=VE| ° |ivi(p)=VE ;c ; using < cos (75%) =sin &
s e e — _

@ We wish to calculate the matrix element

2.
M = —je - ju
o first consider the muon current j, for 4 possible helicity combinations

2" P o ot
“+/ +‘

e 2
p u*/
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H4

The Muon Current

o We want to evaluate (j.)" = d(p3s)7"v (ps) for all four helicity combinations.
o For arbitrary spinors 1, ¢» one may show that the components of ¢y"¢ are:

Py = 170 = iy + s 6o + V3 b3 + Vi ba
Dy d =0T 7 b = i du + 13 s + 3o + Ui
Py = I 2 p = —i (i s — 3 d3 + V32 — Vi)
07 0 =010 b = i s — 3 da + Vi1 — Vi

o Consider the ux p combination using ¥ = uy and ¢ = v, with

s c
—c s

vy, =VE s |rur= VvVE N From these we can compute:
—c s

i (p3)7’vy (ps) = E(es — sc + cs — sc) = 0,

i (p3) 7' vy (ps) = E (7c2 +s5° -+ 52) =2E (52 — c2) = —2E cos 6,
it (p3)y*vy (ps) = —iE (7c2 -7 52) = 2iE, and

it (p3) YV, (ps) = E(cs + sc + cs + sc) = 4Esc = 2E sin .



@ Hence the four-vector muon current for the RL combination is
iy (p3) 7" vy (ps) = 2E(0, — cos 0, i,sin 0).

@ The results for the 4 helicity combinations (obtained in the same manner) are:

W= fvt_ oy (p3) 7 vy (ps) = 2E(0, — cos b, i,sin 6)
I i ~ iy (ps) v+ (ps) = (0,0,0,0)

M+4} Sk uy (p3)’YVV¢ (P4) = (0707070)

e e iy (p3) 7" v+ (ps) = 2E(0, — cos 8, —i,sin ).

. in the limit E > m which was used above only two helicity combinations are non-zero!
@ This is an important feature of QED. It applies equally to QCD.

@ In the Weak interaction only one helicity combination contributes when E > m.

@ The origin of this will be discussed later (page 120).

@ As a consequence: of the 16 possible helicity combinations only 4 give non-zero
matrix elements ((2 initial) x (2 final)).
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H4

Electron Positron Annihilation cont.

@ For efe™ — putp™ now only have to consider the 4 matrix elements:

p-

-

> e*

7

o Previously we derived the muon currents for the allowed helicities:

pt

u}}'“ pr i o w(p3)y'vi(ps) = 2E(0,—cos,i,sin0)
-

+/y“ potg o u(p3)y'vi(ps) = 2E(0,—cos6,—i,sin0)

n
0

@ Now need to consider the electron current
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H4

The Electron Current

@ The incoming electron and positron spinors (L and R helicities) are:

1 0 1 0
VEI9]. VEI 1] VEl O], NAHE

uyr = E 1 yu, = E 0 ) V4 = E 1 V= E 0
0 -1 0 1

@ The electron current can either be obtained from equations (3)-(6) as before or it can
be obtained directly from the expressions for the muon current.

Ue)" = v(p2)7"u(p1) ()" = d(ps)7"v (pa)

o Taking the Hermitian conjugate of the muon current gives

[3(3) vy (Pl = [u(ps) 1%V (r)]
= (m)W "tu(ps)  (AB)' = BTAT
= v (pa)"7*T7%u (ps) At =
= v (ps)" 77" u (p3) 710 = A0y#
=V (pa)7v*u(ps)
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@ Taking the complex conjugate of the muon currents for the two non-zero helicity

configurations:

vy (pa) v ur (p3) = [+ (p3) vy (pa)]” = 2E(0, — cos 0, —i,sin 0)
v (pa) 7" uy (ps) = [@y (p3) 7" v+ (pa)]” = 2E(0, — cos b, i, sin 0)

To obtain the electron currents we simply need to set 6 =0

— - - ot — T
e = € eper
e——9 «—e¢" eZe;

v (p2)Y ur(p1)
vi(p2)Y uy(p1)

2E(0,—1,—i,0)
2E(0,—1,i,0)
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H4

Matrix Element Calculation

2, . .
@ We can now calculate M = —<-j. - j, for the four possible
helicity combinations Mgrr, Mg, Mig and M.

@ In the above matrix element names, the first subscript n
refers to the helicity of the e and the second to the
helicity of the . We don't need to specify other € ——— ——— ¢
helicities due to ‘helicity conservation’, only certain chiral /
combinations are non-zero. Ths

o E.g. the matrix element for e e/ — pp ) will be
denoted by Mgg

Using:
e.‘;ez- : (je)u = \7¢ (p2)’yHuT (Pl) = 2E(07_17_170)
prit = Uu)” = (ps) 7" vy (ps) = 2E(0, — cos 8, i,sin 0)
gives
2
Mrg = —%[ZE(O, —1,-1,0)] - [2E(0, — cos, i, sin 6)]
= e°(1 + cos )
= 47wl + cosb) (57)

where o = € /47 ~ 1/137.



Similarly |Mgg|* = |My|* = (4m0)?(1 + cos 6)?
Mre|? = |Mir|* = (4ma)* (1 — cos 6)?

[V MRL W MLR [t MLL [T
/" /-' g @m | ‘/-v g _¢m /-'
s et / et

M RR

“h

; 1 L]
-1 cosO +1 -1 cosO +1

e*(14-cos0)? | e*(1—cosB)? | e*(1—cosB)? | e*(14cosh)?

1 >
1 cosO +1 -1 cos6 +1

@ Assuming that the incoming electrons and positrons are unpolarized, all 4 possible
initial helicity states are equally likely.
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H4

Differential Cross Section

@ The cross section is obtained by averaging over Mg+ |Mg[* |Mgr|* + ML
: A :

the initial spin states and summing over the final
spin states:
% = % X ﬁ (\MRR|2 + |MRL|2 + |MLR|2 + ’MELD
= g:g:z)z (2(1 + cos0)® + 2(1 — cos 9)2)
2 : Y
- dd% N % (1 +cos 9) -|1 cos6 -LI g

Example: eTe™ — utp™ /s =29 GeV

Mark Il Expt., M.E.Levi et al.,
Phys Rev Lett 51 (1983) 1941

—~ &0 .
£ o dashed line = pure QED
50

¢ o solid line = QED plus Z contribution

= 40 L . .

S o Angular distribution becomes slightly
L §30T 4 asymmetric in higher order QED or

LN o os when Z contribution is included
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@ The total cross section is obtained by integrating over 6, ¢ using

+1
/(lJrc05219)dQ:27r/_1 (1+cos20>dc059:1677r.

10 T

LI L L N S O B L B

ate” — Ty~

T T TTTITT
N RRTNI

v Jade
@ The QED total cross-section for the © Mark J ]
process e"e” — pu is found to be 4Pt

1
O Tasso

_ 4ma’ @
3s o)

oaeo * 455
@ This is an impressive result. From first 0.1
principles we have arrived at an
expression for the electron-positron

annihilation cross section which is good
to ~ 1%. 0,0104:n|1|0xeA2|0||113|01|.4,,4_

5(GeV)

R
vl
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H4

Spin Considerations (E > m)

@ The angular dependence of the QED electron-positron matrix elements can be
understood in terms of angular momentum

@ Because of the allowed helicity states, the electron and positron interact in a spin
state with S, = +1, i.e. in a total spin 1 state aligned along the z axis: |1,+1) or
‘17 _1>

o Similarly the muon and anti-muon are produced in a total spin 1 state aligned along
an axis with polar angle 0

- ’ 1 ) 1>9
°o. 2"
. 4 =
e’ i 11,1)
T
@ Hence Mrr o (¢ | 1,1) where v corresponds to the spin state, |1,1)g, of the muon

pair.
@ To evaluate this need to express |1,1)y in terms of eigenstates of S,
@ In Appendix IX (and also in IB QM) it is shown that:

1 1 . 1
[1,1)p = 5(1 —cosf)|1,-1) + 7 sind|1,0) + 5(1 + cos0)|1,+1).

117 /616



H4
@ Using the wave-function for a spin 1 state along an axis at angle 6

1 1 . 1
P =11,1)9 = 5(1 —cosf)|1, 1) + Esm0|1,0> + 5(1 + cos6)|1,+1)

we can immediately understand the angular dependence:

/W I1,1)e
-

— -
e_’4_e+ == [1,1) ==

+ T
H -1 cos0 +1

1
|Mig|? oc | (4 | 1, +1) = 2(1 + cos0)’

MLR ’ M_ |]v1>6
- = /4-’
o = 1) ==

1
|MLR|2 o [ | 1,—1)\2 = Z(l — cosQ)2
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H4

Lorentz Invariant form of Matrix Element

@ Before concluding this discussion, note that the spin-averaged Matrix Element derived
above is written in terms of the muon angle in the C.o.M. frame.

<|Mﬁ\2> % X (|MRR|2+|MRL|2+|MLR\2+’MELD P3:VIJ_

%e‘l (2(1 + cos ) 4 2(1 — cos 0)2) e_} ’ P2 e’
P4

=et (1 + cos® 9)

@ The matrix element is Lorentz Invariant (scalar product of 4-vector currents) and it is
desirable to write it in a frame-independent form, i.e. express in terms of Lorentz
Invariant 4-vector scalar products.

@ In the Co.M. p; =(E,0,0,E) p>=(E,0,0,—E)

pt

p3 = (E,Esin0,0,Ecosf) and ps=(E,—Esinf,0,—E cosf)
giving:  p1-p2 =2E%  p1-ps = E*(1—cosh); pi-ps= E*(1+ cosb)
@ Hence we can write

2 2 2 2
p1-p3) +(p1-pa)” _ t"+u
<|Mﬁ|2> 2264( )"+ 5 ) = 2¢* 5
(p1- p2) s

which is valid in any frame!
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H4

Tidying up a source of frustration

QED scattering processes seem to look ‘simpler’ in the E > m limit, but ugly when
E ~ m. [E.g. page 109 showed that certain helicity combinations disappear when E >> m.]

This motivates the following question:

Is there a better way of categorising particles so that scattering looks simple for all
energies? (Not just nice for E > m!)

There is a nice answer:

QED scattering at all energies looks nice in the so-called Chiral Basis.

@ The next few slides will explore what Chirality is.

o Even though we will see that Chirality is completely different to Helicity, we will see
that Chirality happens to coincide with Helicity in the limit E > m.
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H4

7 = i7°v192?~3 and the CHIRAL projector operators Pr and P,

Example sheet Question 10 should persuade you that the matrix 4° defined thus:

7 =iy (58)
has the following properties for any representation of gamma matrices:
() =1, (59)
AT =45, (i.e. 7° is Hermitian, and so might be observable), (60)
VAt = —4* 4%, (i.e. 4> anticommuites with all other y-matrices) (61)

and that therefore the operators
Aside: in the Dirac Representation:

Pr = %(1 + 75) and | P = %(1 - 75) (62)

0 01 0
N 5 0 0 0 1 0 |/
are complementary projection operators Y=11 0 0 ol=\; o)
(P% = Pg, P} = P, and Pg + P, = 1) satisfying 010 0
Pi="P 63
i 8 (63) Pr = ! ( ; ;) and (67)
P/ =P (64) 2
PR;Y”' — ,Y”PL and (65) P, = 1 ( ; 7;) . (68)
Py = ~"Pr. (66) 2 _u _
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The complementary projection operators and P, allow us to write any

spinor @ as the sum of and LEFT CHIRAL parts ¥ and v;.

Definition: 1 = Pra, Y= Py (69)

=Pryp and ¢ =Prp.  (70)

Check that the chiral parts of each spinor satisfy

Y =g+, and (71)
P =g+ 1 (72)

and are eigenstates of 7° with opposite chirality:
YYr=+Yr  and Y= —¢.  (73)
Example sheet Q10 asks you to prove that

'lZR = 11_1PL (74)
"l/_)L = QZ)PR (75)

and that therefore ¢ry 4. = ¢1v*2r = 0 and so

‘ ¢V = Ry PR + Sy ‘ (76)

o
L]
°

% = (7+%,) E‘A”;
15(&46)4"/{5"/@“}3

7R
;;654 = %,JWTAL ;f{{f ;162*13 &GT’/‘L
TPy 2 e bt

hich 4%«

do g prde




H4

Link between HELICITY and CHIRALITY when E > m

@ The helicity eigenstates for particles and anti-particles shown in (56) were:

Cc —S S C
i$ i$ i$ i¢
se ce —ce se
u| =VE ju | =VE ive| =VvE| vy | =VE
E>m C;d’ E>m Sl_¢ E>m IS¢ E>m Cl_¢
se —ce ce se

e From Pr and P ((67), (68) and right) we note:

R 1 I /
E>m Pr = 2 ( / I> I

P
E>m 2\~

Right Helicity Particles and Left Helicity Anti-Particles are Right Chiral, and
Left Helicity Particles and Right Helicity Anti-Particles are Left Chiral!

= PRUT
E>m

= PLUJ,
E>m

ur oy

= PLVT
E>m

= Prv,
E>m

vr Y

Summary: in the high energy limit E > m ...
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Favoured/Disfavoured /Forbidden QED Helicity and Chirality Combinations

Jowihilation

%
e
=~ ~
%\/W\ %«/\M
Ty, g, Uyl usys T
Rff\t&. S‘A#U’r\g

Y\*{

agrf s *L By wgps IT.RX w,

N %‘3/
?751 L L=

iy wr *R wyfwg, ﬁL(" w,

e
'8
Voal

(Pa,{r (Prebrfhm
&R %
Tl Rl g IEH
w—& w—<
&< S
Ky Vi m

-Advpu‘ﬁo(a. Seciert inoy

%7%\’2‘%%

vy Y Y . PR

X &
Téﬂ Tﬁ%
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H4

Summary

@ In the centre-of-mass frame the e"e™ — pTp~ differential cross-section is
do o?
dQ ~ 4s

NOTE: neglected masses of the muons, i.e. assumed E > m,,.

@ In QED only certain combinations of LEFT- and RIGHT-HANDED CHIRAL states
give non-zero matrix elements.

1+ cos?6).
(1-+cos0)

@ CHIRAL states defined by chiral projection operators:

PR:%(1+75); PL:%(lfvs)

@ In limit E > m the chiral eigenstates correspond to the HELICITY eigenstates and
only certain HELICITY combinations give non-zero matrix elements:

- - - ’
e == /-‘ e == /-‘ e = | /-‘ g ¢m /-'
2z e’ z e’ / e’ z e’

pt pt pt pt
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