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H6: Deep Inelastic Scattering
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Electron-Proton Elastic Scattering at High Q° (= —¢?)

o At high @Q? the Rosenbluth expression for elastic scattering becomes

do a? Es q2 0 . q2
dQ T 4E2sin*0/2 E G 5 th - 1
<dQ) eastic AEZsin*0/2 Ei (2M2 mSIn- 5 wi - >

@ From e™ p elastic scattering, the proton magnetic form factor is

1 _
G %) ~ so G %) & g *at high ¢°
uld) (1+ q2/(0.71 GeV2))? m(g) o q ghaq
dU -6 ! T T

0 C—We2 Gev
L\ - We3 Gev

@ Due to the finite proton size, elastic scattering at
high Q? is unlikely and inelastic reactions where
the proton breaks up dominate.
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Kinematic Variables for Inelastic Scattering

p3 e @ For inelastic scattering the mass Mx of the final
o= lil 0 state hadronic system X is larger than the proton

mass, M, since X contains at least one baryon.

q\
D X @ Therefore: Mx > M with equality for elastic and
D2 inequality for inelastic scattering.
P4
@ For inelastic scattering we will introduce four new kinematic variables:
2
Q=-4°, X = @ , yzim q and v="P"4
2p2-q P2 p1 M

(‘Bjorken x") (‘Bjorken y")
Properties of x and Q:
0 Q*>0 (since Q> = —(p1 — p3)’ = 2p1 - ps — 2m; = 2(meEs — 0 - p3) — 2m}
[which used rest frame of p; as L.1.]  so Q? = 2me(E3 — m.) > 0),
@ 2p>- g > Q% (with equality for elastic and inequality for inelastic scattering)
(since: 2pr-q=(p2+q)° —p2—a* =ps —p5 + Q° = Mz — M* + @° > Q%),
@ and so 0 < x < 1 for inelastic and x = 1 for elastic scattering.

(In many text books W is often used in place of Mx.)
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Deep inelastic scattering variables in L.l. form and in lab-frame variables

@ The angle, 6, and energy, E3, of the scattered electron are all easy to measure in the
lab frame, and so it is not uncommon to see the scattering variables Q3 x, y and v
expressed in terms of lab-frame varibles. See below. (Derivations and interpretations
are on the next page. M means mass of p>.)

p3 €
P1 /{
e 0

q\

p X
P2 P4
Q@ =-q, (92) Q? = 4E,E5sin® 02, (96)
Q? Q>
- 93 -
T oapmeq ©3) * T M(E - B) ®7)
_P-q E
e (94) y:l_é (98)
=24 (95) v=E — Es. (99)
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Properties of Bjorken y:
Q In the lab frame p; = (E1,0,0, E1), p» = (M,0,0,0) and g = (E1 — E3, p1 — p3) so

p2-q _ M(E1 — E)

p2- pt ME;

_ B

E

and so y is the fractional energy loss of the incoming particle in the lab frame.
@ 0 < y < 1 follows from the last property.

y =

=1

Properties of v:

P3 e
@ In the Lab Frame: D1 /6{
e_ =
p2.q _ M(E - Es) _

E;, — E
14 M M 1 3

so v is the energy lost by the incoming particle in p X
the lab frame.

2
P P4
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Relationships between Kinematic Variables for inelastic collisions

@ We saw in lecture 1 that elastic collisions need only two variables to describe their
kinematic differences, as all four external particles have fixed masses.
(These two variables are usually chosen to be Mandelstam s together with one of t or u.)

@ However, in inelastic collisions the proton breaks up, and so we need an extra variable
to describe the variability in the mass of ps:
inelastic collisions require three variables to describe their kinematic differences.

Thus, at fixed s, at most two of

@P=—¢ x= @ _ P2.q

_ p2q
T y= o and v = M
are independent! There must exist many relationships among them. E.g.:

@ A simple division of the above definitions shows that

Q?
X = S
e From s =(p1 + p2)2 =m2+ M?+2p; - po = 2p1 - p2 + M? we can show (when m. is
negligible) that:

2™ y
Y =some”
o Putting the last two relations together:
xy = 072 and Q> = (s— M?)xy.
s — M2
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Elastic vs Inelastic vs Deep Inelastic Scattering

Example: Scattering of 4.879 GeV electrons from protons at rest

M
2 1500)_ Er = 4879GeV 4‘!’} o Place detector at 10° to beam and
% = 10° " - measure the energies of scattered e™.
E oor " IM#M@M“M“HN }M |§p/’ } { o Kinematics fully determined from the
ol ?himhhi M—Wﬂ. i{' i electron energy and angle !
5 |G o1 . o For this energy and angle the invariant
° Elastic Scattering ;w’i f the final had .
(Divided by 15) — mass of the final state hadronic system
02.8 3.Io éz 3.I4 3.‘6 3.Ia 4.'0 4.|2 4‘[4 4.Ie My is about 1 Ge.V.
. B . .  E3[GeV] (Try and show this!)
My [GeV] 20 18

16 1.4 12 1.0

o Elastic Scattering: proton remains intact (Mx = M).

o Inelastic Scattering (red arrow on plot) produces ‘excited states’ of proton,
e.g. A+(1232), MX = MA.

o Deep Inelastic Scattering is where the proton breaks up completely resulting in a
many particle final state (far L.H.S. of plot where Mx > M).

‘ Deep Inelastic Scattering = Large Mx = Total proton breakup.
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Inelastic Cross Sections

T T T T T T
3 (W is an old notation for M.)

@ Repeat experiments at different
angles/beam energies and determine @?
dependence of elastic and inelastic
cross-sections.

T T

n
&
38
82 o
§g ‘25 o Elastic scattering falls of rapidly with
=€ B2t due to the proton not being point-like
- F .
33 E F (i.e. form factors).
[T :
= % L i @ Inelastic scattering cross sections only
* o3 N ELASTIC i weakly dependent on Q2.
3 \ SCATTERING E
c . b @ Deep Inelastic scattering cross sections
i \‘\ ] almost independent of Q2.
N i.e. “Form factor” — 1.
10 [o] 1 2 3 4 5 6 7
Q?/GeV?

[ There appears to be Scattering from point-like objects within the proton! ]
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Elastic — Inelastic Scattering
Elastic scattering (Handout 5). Recall:

@ Only one independent variable desscribes final state. In Lab. frame express differential
cross section in terms of the electron scattering angle (Rosenbluth formula)

do a2 E3 GE+TGA2/, 29 2 . 29 . Qz
— = — cos” = 4+ 271Gy sin” = with 7 = ——).
dQ ~ 4E2sin*60/2 E1 ( (1+7) 2 M2 ( e
Note: here the energy of the scattered electron E; is completely determined by the
angle 6.
@ We could express the differential cross section in terms of a single variable Q2.
(Q14 on examples sheet.)

do 4mra’ 1—y— M2y2 + 1 2

i@ =~ @ Yymer )T
which can be written as

do 4ol M?2y? 1,

d@¢ = ¢f { ( YT ) Y }

Inelastic scattering:
@ For Deep Inelastic Scattering (DIS) have two independent variables for final sate.
Therefore need a double differential cross section for DIS ... as shown on_next page.
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Deep Inelastic Scattering

@ It can be shown that the most general Lorentz Invariant expression for e " p — e~ X
inelastic scattering (via a single exchanged photon is):

d? 4ma? My?\ Fa(x, Q°
#d = O Kl_y_ @ >%+y2ﬁ(x,02)}

(100)

2 2 2
of. oo =1 |(1-y - ML) A(@) 4 3(Q)

We will soon see how this connects to the quark model of the proton.

o NOTE: The form factors f,(@*) and (@) have been replaced by the
structure functions Fi(x, Q?) and F>(x, @*) which are functions of x and @Q*: they
cannot be interpreted as the Fourier transforms of the charge and magnetic moment
distributions. We shall soon see that they describe the momentum distribution of
the quarks within the proton.

o In the limit of high energy (or more correctly Q > M?y?) equation (100) becomes:

d’c . 4

F. 2
xd T Qb ( —Y)%—&-yzﬁ(x, Q)| | (101)
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o In the Lab. frame, Equation (101) becomes: (see examples sheet Q14)
d’o o’ 1 2 (0 2 o2 (0
= i Z Z Fi(x.Q¥)sin? [ 2

JE; 40 ~ B2 (9)2) | v cos (2) + v 1(x, @7)sin (2)} (102)

; Pure Magnetic Structure Function
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Measuring the Structure Functions

o To determine Fi(x, @) and Fx(x, Q%) for a given x and Q? need measurements of
the differential cross section at several different scattering angles and incoming
electron beam energies (see Q14 on examples sheet)

Example: electron-proton scattering F> vs. Q? at fixed x:

+ 6° o |18°
x 10” a 26°
. >
0.5 T T T T T T T g c
i
3
04 - _g%‘_
Q Y z 2
F3P0.3- + 4otk *% % + 7 Eg
2 » +
02 4 2=z
N =
L x=0.25 g
Q. © 5
3
R g
0 L ] 1 l» 1 | 1 :;
0 2 4 6 8 8

0?/GeV?
@ Experimentally it is observed that both F; and F, are (almost) independent of Q2!
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Bjorken Scaling and the Callan-Gross Relation

o The near (see later) independence of the structure functions on @ is known as
Bjorken Scaling, i.e.

(A(QY) — AR and FAx Q) = A |

o It is strongly suggestive of scattering from point-like constituents within the

proton
° !t is also observed that Fi(x) and F>(x) are not 2xF; f‘iigiﬁgizﬁiﬁi?
independent but satisfy the I § 12 < Q¥(GeV/c) < 16
Callan-Gross relation 150
{
Fa(x) = 2xFi(x) |

@ As we shall soon see this is exactly what is
expected for scattering from spin-half quarks.

@ Note: if quarks were spin zero particles we would o |

expect the purely magnetic structure function to
be zero, i.e. F1(x) =0. .
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The Quark-Parton Model

@ Before quarks and gluons were generally accepted Feynman proposed that the proton
was made up of point-like constituents “partons”.

@ Both Bjorken Scaling and the Callan-Gross relationship can be explained by
assuming that Deep Inelastic Scattering is dominated by the scattering of a single
virtual photon from point-like spin-half constituents of the proton.

pP3 e
p3 e D /f@(
. M7 /’é{ ¢
© a\

g\ = b
X
!

P4

Scattering from a proton - Scattering from a point-like
with structure functions quark within the proton

@ How do these two pictures of the interaction relate to each other?
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@ In the parton model the basic interaction is ELASTIC scattering from a “quasi-free”
spin—% quark in the proton, i.e. treat the quark as a free particle!

@ The parton model is most easily formulated in a frame where the proton has very high
energy, often referred to as the “infinite momentum frame”, where we can neglect the
proton mass, and p» = (E;,0,0, E).

@ In this frame can also neglect the mass of the quark and any momentum transverse
to the direction of the proton.

o Let the quark carry a fraction & of the proton’s four-momentum. (£2p3 = mg =~ 0)
M (E2,2) X
$p2
p Ep2tyq
(§E2,6D2) P2

@ After the interaction the struck quark’s four-momentum is {p2 + g and it is still a
quark, therefore: m?, =(Ep+ 9P =(Ep)P +2%p-q+¢° = mf, +2¢6p2 - g+ g% and
so comparing the first and last expressions we see that &€ = —q°/(2p2 - ) and thus

therefore Bjorken x can be identified as the frac-
tion of the proton momentum carried by the struck
quark in the infinite momentum frame.

2
= Q =X
2p2.q

3
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@ In terms of the proton momentum

2
s=(m+p)P=2mp y=29 x= Q ps e
p2.p1 2p.q 12 /'é{

o

@ But for the underlying quark interaction:
\ 4
q 2 Xp2
57 = (p1 + xp2)” = 2xp1.p2 = xs p
oz Ped _pra _ P2 K
Pa-P1  XP2.p1

(i-e. quark coll. is elastic: quark does not break up).

@ Q11 on the examples sheet (leaning on results from Handout 4) derives the Lorentz
Invariant cross section for e~ — e~ u~ elastic scattering in the ultra-relativistic
limit. Using that result for e~ q — e~ g assuming quark charge is e, (e.g. e, = +2/3)

2\ 2
1+(1+q>}
Sq

o Using —¢°> = @ = (s; — m*)xqY, from page 156 gives g = —Xqyq = —ly=—-yso

gives:
do 277042ef7
dq? 7

22 (where the last two expressions as-
do 2raey 2 .
= [1 +(1-y) } sume the massless quark limit m =

@ Q- 0).
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Parton Distribution Functions

do 4ol es

s =t a-n+ %] (103)

@ This is the expression for the differential cross-section for elastic e~ g scattering from
a quark carrying a fraction x of the proton momentum.

@ Now need to account for distribution of quark momenta within proton

@ Introduce parton distribution functions such that g°(x)dx is the number of quarks

of type g within a proton p with momenta between x — x + dx.
@ Possible forms of the parton distribution functions:

Single Dirac Three static Three interacting +higher orders
proton quarks quarks
- L, N7
_ _ o —T
q°(x) q°(x) G q°(x)

1X 1/3 1X
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@ The cross section for scattering from a particular quark type within the proton, which
in the range x — x + dx, is
d*c _ 4Ama?
aQ>  @*
@ Summing over all types of quarks within the proton gives the expression for the
electron-proton scattering cross section

-0+ 2] et

d?c°P Ao’ y? 2 b
s = e [0+ 5| T 1o
@ Compare with the electron-proton scattering cross section in terms of structure
functions (equation (101)):

d? 41’ Fa(x, Q>
= kl,y)z(x )

+ﬁﬁwoﬂ (105)

o By comparing (104) and (105), obtain the parton model prediction for the structure
functions in the general Lorentz invariant form for the differential cross section

FsP(x, Q%) = 2xF(x, @) = x 3 el q”(x)
q

Can relate measured structure functions to the underlying quark distributions.
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Predictions of The Parton Model

The parton model predicts:
o Bjorken Scaling F;”(x, @*) — F;P(x) and F5P(x, Q%) — F5P(x). This is due to
scattering from point-like particles within the proton

o Callan-Gross Relation F;°(x) = x3_, e2q”(x). This is due to scattering from spin
half Dirac particles where the magnetic moment is directly related to the charge;
hence the ‘electro-magnetic’ and ‘pure magnetic’ terms are fixed with respect to each

other.

@ At present parton distributions cannot be calculated from QCD.
(Can't use perturbation theory due to large coupling constant.)

@ Measurements of the structure functions enable us to determine the parton
distribution functions !

@ For electron-proton scattering we have:

FP(x) = xZe q°(x)

@ Due to higher orders, the proton contains not only up and down
quarks but also anti-up and anti-down quarks
(will neglect the small contributions from heavier quarks).

|
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o For electron-proton scattering have:
FEP(x) = XZ qP(x) = x (gup(x) + édp(x) + gﬁp(x) + éa"m)

o For electron-neutron scattering have:

FsP(x) = x> eq*(x) = x (%un(x) + %dn(x) + %En x) + %En(x))

o Now assume “isospin symmetry”, i.e. that the neutron (ddu) is the same as a proton
(uud) with up and down quarks interchanged, i.e.

d"(x) = uP(x) and u"(x) = d?(x)

and then define the neutron distributions functions in terms of those of the proton

u(x) = uP(x) = d"(x); d(x) = d°(x) = u"(x)

U(x) =w°(x) = d" (x); d(x) = d°(x) = 7*(x)

giving: FyP(x) = 2xF{P(x) = x <4

4 1—
53U+ 5 d(x) S (X)+fd(x)) (106)
4
9

9

F3"(x) = 2xF"(x) = x < d(x) + *u(x) + 4d( )+ éﬁ(x)) . (107)

9
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o Integrating (106) and (107):

s _ [ (® X) + d()] + S[u(x) + (x o= & 1 an
[ Emaa =[x (1a00 -+ 000 + glu) + a0l ok = g+ gh and

' P = 1x iux u(x 1 x) + d(x X—i 1 where
| Ereaax = [ (Gl + a0l + gla + a0l o= 5+ gt wh

is the fraction of the proton momentum car-
ried by the up and anti-up quarks.

fu= /o [xu(x) + xTu(x)]dx

Experimentally:

T T T T T
J F"(x)dx ~ 0.18 —> |f,~0.36 and fy =~ 0.18 ‘ o4 | GeV/c)2<02<18(GeV/c)

J F5"(x)dx = 0.12 P %W ,
Zo03 4& .
SN

@ In the proton, as expected, the up quarks carry twice

the momentum of the down quarks. 02 « ]
@ The quarks carry just over 50% of the total proton 0.17érea _1 mﬁ;‘_
momentum. The rest is carried by gluons (which | 5fut 5/ ‘\r“ 1
being neutral doesn’t contribute to electron-nucleon Ol e ) I . TP
0 02 o4 06 08

scattering). x
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Valence and Sea Quarks

@ The proton is complex! its parton distribution functions u >
include contributions from the “valence” quarks and the %
virtual quarks produced by gluons: the “sea”. u \%@
@ Resolving into valence and sea contributions: d ;u
o) = () +uslx) dx) = ds(x) %@6@
u(x) = us(x) d(x) = dv(x) + ds(x) u

@ Proton contains two valence up quarks and one valence down quark so would expect:

1 1
/ uv(x)dx =2 and / dv(x)dx =1
0 0

... but we have no a priori expectation for the total number of sea quarks!

@ Sea quarks arise from gluon quark/anti-quark pair production and with m, = my it is
reasonable to expect

us(x) = ds(x) = Ts(x) = ds(x) = S(x).
@ With these relations (106) and (107) become:

FEP(x) = x (guv(x) v+ %05(x)> & F5"(x) = x (gdv(x) g + %5(@)
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... giving the ratio
F5(x) _ 4dv(x) + uv(x) + 10S(x)
FP(x)  4uv(x) + dv(x) + 10S(x)"

@ The sea component arises from processes such as g — wu . Due to the 1/q2
dependence of the gluon propagator, much more likely to produce low energy gluons.
Expect the sea to comprise of low energy g and §.

@ Therefore at low x expect the sea to dominate:

en zen(x) 10~ ; T T i T =

erp(X) -1 as x—0. ‘ Experiment agrees! ‘ () ”_+ ”, S(x) dominates
F3*(x) URATS 1
06 1’*‘0. o

@ At high x expect the sea contribution to be small ' ‘“*‘&

oat- e 4

F5"(x) _ 4dv(x) + uv(x) +105(x) P
F5P(x) ~ 4uv(x) + dv(x) + 10S5(x) T u(x) dominates = |
Note: uy = 2dv would give ratio 2/3 as x — 1 T

Experiment disagrees:
F"(x)/FP(x) = 1/4 ie. d(x)/u(x) =0 as x— 1

This behaviour is not understood!
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Parton Distribution Functions

@ Ultimately the parton distribution functions are obtained from a fit to all experimental
data including neutrino scattering (see Handout 10)

@ Hadron-hadron collisions give information on gluon pdf, g(x).

0.6

04 |

0.2

03 04 05 06 07 0.8 09
Bjorken x

1 Note:

Apart from at large x,
uy(x) & 2dv(x).

For x < 0.2 gluons dominate.

In fits to data assume

us(x) = u(x)

d(x) > u(x) not understood —
exclusion principle?

Small strange quark
component s(x).

(Now try Question 13)
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Quark substructure would be revealed as scaling violations high Q2

@ In last 40 years, experiments have probed the proton with
virtual photons of ever increasing energy

@ Non-point like nature of the scattering becomes apparent
when ), ~ size of scattering centre q* Y

h 1
Tl (\q\/GeV)

@ Scattering from point-like quarks gives
rise to Bjorken scaling: no Q? cross
section dependence

elastic ] 5
o IF quarks were not point-like, at high

Q? (when the wavelength of the virtual
photon i~ size of quark) would observe
] rapid decrease in cross section with
increasing Q2.

1 @ To search for quark sub-structure want

0* . to go to highest Q* ... see HERA
1900 1920 1940 1960 1980 2000 2020 . .
Year collider (next slide).
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The HERA e*-proton Collider : 1991-2007

* DESY (Deutsches Elektronen-Synchroton) Laboratory, Hamburg, Germany
. 275 GeV‘ 820 GeV

| Vs=300GeV |

@
A

A
©

Halle OST (HERVES) {
Hall EAST (HERMES)
Hall ost (HERMES)

Halle WEST (HERA-B)

Hall WEST (HERA-)
Hall ouost (HERA-B)

* Two large experiments : H1 and ZEUS
* Probe proton at very high Q2 and very low x
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Example of a High Q? Event in the H1 Experiment at HERA

H1 Run 122145 Event 69506 Date 19/09/1995

*Event kinematics determined
from electron angle and energy

[Q’ = 25030 GeV?, gy =0.56, M =211 GeVl

4D

e > p -~
N Shi===]
- = H DE?% ) H
jet
* Also measure hadronic |

system (although not as
precisely) — gives some

redundancy @/9
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Fo(x, Q%) Results

=
x=6.32E-5
\—é b oobie E=3 ZEUSNLO QCDfit
o‘B‘ 04 —— HI1PDF 2000 fit
__O s /’,p“),;‘:\’%‘gg * H1 %4-00
@ No evidence of rapid decrease of cross | - + H (prel) 39700
. . 2 4 s = ZEUS 96/97
section at highest Q Q- -
Ql _ x=0.0021 e
4
_18 R.\ *x=0.0032
= | Rquark < 10" " m | &\-/ s
N
k x=0.008
@ For x > 0.05, only weak dependence of 3 o

F> on @? : consistent with the %:”“ﬂpn:tn
expectation from the quark-parton L) :"“WM:;MW‘”!*

x=0.032

model. _l"‘,_..._)or"ml:".! B x-00s
. . . ey rt—galp g X
@ Observe clear scaling violations, et o

2 2 x-0.13

particularly at low x: L _Mm

Fa(x, Q%) # Fa(x). :\“‘M ol
¢ 1 \1I0 1‘0z 1'03 1‘04 1‘05

‘ Earlier fixed target data ‘ 0*/GeV?
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Origin of Scaling Violations at small x

@ Observe “"small” deviations from exact Bjorken scaling F2(x) — F2(x, Q?)
o At high Q? observe more low x quarks.

= O
;:1 low g2 < /IOWX
N medium x
high x
> X > InQ?

o “Explanation”: at high Q2 (shorter wave-length) resolve finer structure: i.e. reveal
quark is sharing momentum with gluons. At higher Q2 expect to “see” more low x
quarks.

@ QCD cannot predict the x dependence of F(x, Q%)

F2(x7 Qz)
But QCD can predict the Q? dependence of Fa(x, Q2).
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Proton-Proton Collisions at the LHC

@ Measurements of structure functions not only provide a powerful test of QCD, the
parton distribution functions are essential for the calculation of cross sections at pp
and pp collider.

Example: Higgs production at the Large Hadron Collider LHC ( 2009-)

@ The LHC collides up to 7TeV protons with 7 TeV protons, however underlying
collisions are between partons.

o Higgs production the LHC dominated by “gluon-gluon
fusion”

@ Cross section depends on gluon PDFs
0 1,1
H aop s i)~ [ [ a(a)galoleg — H) da d
o Jo

@ Uncertainty in gluon PDFs lead to a +5% uncertainty
in Higgs production cross section.

@ Prior to HERA data uncertainty was +25%.
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Summary

At very high electron energies A < r, : the proton appears to be a sea of quarks and
gluons.

Deep Inelastic Scattering = Elastic scattering from the quasi-free constituent quarks.
o Bjorken Scaling: Fi(x, Q%) — Fi(x) (point-like scattering).
o Callan-Gross: Fy(x) = 2xFi(x) (scattering from spin—%).

Describe scattering in terms of parton distribution functions u(x), d(x), ... which
describe momentum distribution inside a nucleon.

@ The proton is much more complex than just uud — sea of anti-quarks/gluons.

Quarks carry only 50% of the protons momentum — the rest is due to low energy
gluons.

@ We will come back to this topic when we discuss neutrino scattering ...
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